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Abstract. This research work investigates chlorine concentration decay profile through multiple-compartment

isothermal reactor system using a constructed mathematical model which comprises of both systems of Partial

Differential Equations (PDEs) and Ordinary Differential Equations (ODEs). The multiple-compartment isother-

mal reactor system consists of both bulk fluid of water and intermediate Pseudomonas aeruginosa with humic

acid attached to the sieve between each compartment. The PDEs were discretized in space using Method of Lines

(MOL) procedure and were solved simultaneously due to coupling at the inter-connected boundaries and due to

coupling of reaction terms in some sections of the system. The discretized PDEs together with the associated

ODEs results in a total of 134 ODEs which were solved using Matlab ODE solver, ODE 15s due to its efficient

way of handling such problems using variable step size. At initial times before attaining steady state, this model

predicts the spread and consumption rate of chlorine across all sections in space but the rate of spread and

consumption of chlorine gradually reduces as time progressively increases.
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1 Introduction

Some reservoirs are constructed for the purpose of water storage but the quality of water can be
affected by age of the water thereby creating avenue for contamination if adequate disinfectant
is not added. Biofilm starts to form within and around the internal walls of the tank; they are
thin layer of cells of organisms such as Pseudomonas aeruginosa. There may be possibility of
recontamination even for households that have access to piped water (Levy et al., 2008).

Selleck et al. (1978) found that concentration of a disinfectant is one of the essential changing
features behind the effectiveness of disinfecting microorganisms. Chlorine in water is necessary
as disinfectant and to act as a residual maintenance because of its strong oxidation power against
contaminants such as biofilm of Pseudomonas aeruginosa. Chemical substance as chlorine may
be added to water in gaseous, liquid or solid form and it may form disinfection by-products
as further contaminants whenever high concentration of organic matter is present. Chlorine
is able to destroy some plastic and coating materials increasingly by chemical action and it is
corrosive to many metals in the presence of water. Interaction of chlorine with some species
of microorganisms often leads to reduction in their concentration (Kie ne et al., 1993). This
reduction can be preferably modelled mainly as first and second order decay in the bulk fluid
and at the walls (Sharp et al., 1991; Powell et al., 2000).
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In literature, some models have been developed to check propagation of disinfectants in
drinking water. While some of the models are centred on unsteady state analysis, others are
centred on steady state analysis with specific consideration of decay in pipes of water distribution
system (Biswas et al., 1993; Vasconcelos et al., 1996). Background to this work came from the
work of previous researchers (Chen & Stewart, 1996; Xu et al., 2018; Liou & Kroon, 1987; Mau
et al., 1996; Wang & Falconer, 1998; Lee et al., 2018; Mao et al., 2018; Armstrong et al., 2016;
Pabst et al., 2016) who have modelled disinfectant decay through different systems.

Chen and Stewart (1996) conducted research to investigate chlorine penetration into artificial
biofilms of Pseudomonas aeruginosa and concluded that it was consistent with unsteady reaction
diffusion model. They however did not extend their work to multiple-compartment systems
which are linked and which are often seen in some reactors with sieve partitions.

Motivation to proceed on this study using P.aeruginosa comes from the fact it is a bacterium
commonly present in water sources. While many homes in developing nations often practise
water collection from different sources for storage in tanks due to their inability to access con-
tinuous flow purified water, some water treatment plants have storage units with sieve partitions
which may possibly have attachment of P.aeruginosa due to certain factors. Further motivation
for this study is the possibility of lowering one of the global problems of water-borne sickness
using a model that can predict transport of biocide through both bulk water and penetration of
biofilm of micro-organisms especially in household where disinfectant residual chemical is needed
to hinder process of recontamination.

From the foregoing, satisfactory research has not been conducted on the transport of chlo-
rine decay as disinfectant through both bulk water and intermediate Pseudomonas aeruginosa
in water storage unit with multiple-compartment chambers. The need to investigate chlorine
decay through such multiple-compartment systems arise because it will help to account for the
depletion of chlorine in the intermediate zones consisting of P.aeruginosa with humic acid which
are not usually considered in one-compartment systems.

In this study, we investigate the decay of chlorine through partitioned multiple-compartment
reactor. This is to mathematically model transport of chlorine through the media of both
bulk water and Pseudomonas aeruginosa covering the sieve partition of the reactor system
simultaneously. The transport of chlorine follows the work of Chen and Stewart (1996) and
inactivation kinetics of the Pseudomonas aeruginosa is based on Chick-Watson model (Chick,
1908; Watson, 1908)

dφ
dt = −kiΨφ, (1)

where φ is taken as the density of Pseudomonas aeruginosa, Ψ is the concentration of the
dissolved chlorine at time t and ki is the inactivation constant.

The subsequent part of this paper is organized as follows: section 2 deals with the derivation
of the model for chlorine transport through both bulk water and biofilm of Pseudomonas aerug-
inosa. Section 3 deals with numerical simulation of the model. While in section 4, the results
and discussion of the model are presented. Conclusion comes up in section 5.

2 Model Development

Hydrolysis of chlorine when put into water produces hydrochloric acid (HCl) and hypochlorous
acid (HOCl). Formation of hypochlorite ion (OCl−) and hydrogen ion (H+) then occur when
HOCl dissociates partially further in water. The disinfection of drinking water occurs through
the actions of oxidizing agents HOCl and OCl− , thus the model equations are obtained in terms
of dissolved chlorine concentration HOCl + OCl− (Biswas et al., 1993).

Figure 1 shows the continuous transport of dissolved chlorine through the compartments
of the chemical reactor with intermediate biofilm of Pseudomonas aeruginosa with humic acid
attached to two sieve partitions. These sieve partitions allow passage of molecular flow of
disinfectant components.
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Figure 1: Schematics of bulk water and biofilm of P.aeruginosa in a multiple-compartment system
for chlorine transport.

The mass balance over the control volume in each section with assumption of diffusion along
x-axis results in the following systems of partial differential equations (PDEs) and ordinary dif-
ferential equations (ODEs) for both chlorine disinfectant and biofilm of Pseudomonas aeruginosa
with humic acid contaminants:

1st section (bulk water):

∂ΨAcl(x,t)
∂t = ∂

∂x [DA
[∂ΨAcl(x,t)]

∂x ]− kAclΨAcl(x, t), x0 ≤ x ≤ x1. (2)

Equation (2) has the initial condition

ΨAcl(x, 0) = ΨAcl0(x) (3)

and boundary conditions specified as follows:

ΨAcl(x = x0, t) = ΨAcl0(t), (4)

ΨAcl(x = x1, t) = ΨBcl(x = x1, t). (5)

2nd section (Pseudomonas aeruginosa):

∂ΨBcl(x,t)
∂t = ∂

∂x [DB
[∂ΨBcl(x,t)]

∂x ]− kB1φpsB1ΨBcl(x, t)− kB2φhmB2ΨBcl(x, t),

x1 ≤ x ≤ x2.

(6)

Equation (6) has the initial condition

ΨBcl(x, 0) = ΨBcl0(x) (7)

and boundary conditions specified as follows:

∂ΨBcl(x=x1,t)
∂x = DAcl

DBcl

∂ΨAcl(x=x1,t)
∂x , (8)

ΨBcl(x = x2, t) = ΨCcl(x = x2, t). (9)
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3rd section (bulk water):

∂ΨCcl(x,t)
∂t = ∂

∂x [DC
[∂ΨCcl(x,t)]

∂x ]− kCclΨCcl(x, t), x2 ≤ x ≤ x3. (10)

Equation (10) has the initial condition

ΨCcl(x, 0) = ΨCcl0(x) (11)

and boundary conditions specified as follows:

∂ΨCcl(x=x2,t)
∂x = DBcl

DCcl

∂ΨBcl(x=x2,t)
∂x , (12)

ΨCcl(x = x3, t) = ΨDcl(x = x3, t). (13)

4th section (Pseudomonas aeruginosa):

∂ΨDcl(x,t)
∂t = ∂

∂x [DD
[∂ΨDcl(x,t)]

∂x ]− kD1φpsD1ΨDcl(x, t)− kD2φhmD2ΨDcl(x, t),

x3 ≤ x ≤ x4.

(14)

Equation (14) has the initial condition

ΨDcl(x, 0) = ΨDcl0(x) (15)

and boundary conditions specified as follows:

∂ΨDcl(x=x3,t)
∂x = DCcl

DDcl

∂ΨCcl(x=x3,t)
∂x , (16)

ΨDcl(x = x4, t) = ΨEcl(x = x4, t). (17)

5th section (bulk water):

∂ΨEcl(x,t)
∂t = ∂

∂x [DE
[∂ΨEcl(x,t).]

∂x ]− kEclΨEcl(x, t), x4 ≤ x ≤ x5 (18)

Equation (18) has the initial condition

ΨEcl(x, 0) = ΨEcl0(x) (19)

and boundary conditions specified as follows:

∂ΨEcl(x=x4,t)
∂x = DDcl

DEcl

∂ΨDcl(x=x4,t)
∂x , (20)

ΨEcl(x = x5, t) = ΨEcl0(t). (21)

Observe that the boundary conditions given in (5), (9), (13) and (17) are connected boundary
conditions linking activities of chlorine in one section with the preceding section in a way showing
relationship at the boundary.

Mass balances with respect to biofilm of Pseudomonas aeruginosa and humic acid when the
growth and cell detachment are neglected give rise to the following ODEs in the second section

dφpsB1(t)
dt = −kB1φpsB1(t)ΨBcl(x0, t), t ≥ 0 x0 ∈ [x1, x2], (22)

dφhmB2(t)
dt = −kB2φhmB2(t)ΨBcl(x0, t), t ≥ 0 x0 ∈ [x1, x2] (23)
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with initial conditions

φpsB1(t0) = φpsB1O, x1 ≤ x ≤ x2, (24)

φhmB2(t0) = φpsB2O, x1 ≤ x ≤ x2. (25)

In the fourth section, the mass balances with respect to Pseudomonas aeruginosa and humic
acid when the growth and cell detachment are neglected give rise to the following ODEs

dφpsD1(t)
dt = −kD1φpsD1(t)ΨDcl(x0, t), t ≥ 0 x0 ∈ [x1, x2], (26)

dφhmD2(t)
dt = −kD2φhmD2(t)ΨDcl(x0, t), t ≥ 0 x0 ∈ [x1, x2] (27)

with initial conditions

φpsD1(t0) = φpsD1O, x3 ≤ x ≤ x4, (28)

φhmD2(t0) = φpsD2O, x3 ≤ x ≤ x4, (29)

where the terms of (2), (10), and (18) from left hand side to the right hand side denote the net
accumulation, diffusion and first order decay of chlorine in the bulk fluid of water contained in
sections A,C and E. The terms of (6) and (14) from left denote net accumulation, diffusion,
second order decay of chlorine due to Pseudomonas aeruginosa cell and second order decay of
chlorine due to humic acid present in the regions B and D containing Pseudomonas aeruginosa
respectively.

Also observe that the boundary conditions given by (8), (12) and (16) are boundary condi-
tions showing continuity of flux of chlorine from one section to another which are represented by
Neumann boundary conditions. This shows that the flux of one section is connected to another
as chlorine is being tranported through all the compartments.

The terms φpsB1 and φpsD1 are concentration density of Pseudomonas aeruginosa, φhmB2

and φhmD2 are concentration of humic acid, ΨBcl and ΨDcl are concentrations of chlorine, kB1

and kD1 are the rate constant of reaction between chlorine and Pseudomonas aeruginosa, kB2

and kD2 are the rate constant of reaction between chlorine and humic acid, in the second and
fourth sections of the reactor respectively. Equations (2)-(29) consist of systems of five PDEs
and four ODEs which are coupled and must be solved simultaneously.

3 Numerical Simulation

The numerical solution of the proposed model for the multiple-compartment system is achieved
using the numerical procedure called Method of Lines (MOL). Here the spatial derivatives in the
PDEs are replaced with finite differences (FDs) approximations. Using finite central difference
scheme, equations (2) when discretized in space becomes

dΨAcl(t)i
dt = DA[

ΨAcl(t)i+1−2ΨAcl(t)i+ΨAcl(t)i−1

∆x2 ]− kAclΨAcl(t)i (30)

with initial condition discretized as

ΨAcl(t = 0)i = ΨAcl0 (31)

and boundary conditions discretized as follows:

ΨAcl(t)i=1 = ΨAcl0, (32)
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ΨAcl(t)M(1)
= ΨBcl(t)M(1)

, 1 ≤ i ≤ M(1). (33)

Equation (6) is discretized in space as:

dΨBcl(t)i
dt = DB[

ΨBcl(t)i+1−2ΨBcl(t)i+ΨBcl(t)i−1

∆x2 ]− kB1φpsB1ΨBcl(t)i − kB2φhmB2ΨBcl(t)i (34)

and its initial condition discretized as:

ΨBcl(t = 0)i = ΨBcl0 (35)

and boundary conditions discretized as follows:

ΨBcl(t)M(1)
−ΨBcl(t)M(1)−1

∆x = DAcl
DBcl

ΨAcl(t)M(1)
−ΨAcl(t)M(1)−1

∆x , (36)

ΨBcl(t)M(2)
= ΨCcl(t)M(2)

, 1 ≤ i ≤ M(2). (37)

Discretization of (10) in space results in

dΨCcl(t)i
dt = DC [

ΨCcl(t)i+1−2ΨCcl(t)i+ΨCcl(t)i−1

∆x2 ]− kCclΨCcl(t)i (38)

with its initial condition discretized as:

ΨCcl(t = 0)i = ΨCcl0 (39)

and boundary conditions discretized as follows:

ΨCcl(t)M(2)
−ΨCcl(t)M(2)−1

∆x = DBcl
DCcl

ΨBcl(t)M(2)
−ΨBcl(t)M(2)−1

∆x , (40)

ΨCcl(t)M(3)
= ΨDcl(t)M(3)

, 1 ≤ i ≤ M(3). (41)

Equation (14) is discretized as:

dΨDcl(t)i
dt = DD[

ΨDcl(t)i+1−2ΨDcl(t)i+ΨDcl(t)i−1

∆x2 ]− kD1φpsD1ΨDcl(t)i − kD2φhmD2ΨDcl(t)i (42)

with its initial condition discretized as:

ΨDcl(t = 0)i = ΨDcl0 (43)

and its boundary conditions discretized as:

ΨDcl(t)M(3)
−ΨDcl(t)M(3)−1

∆x = DCcl
DDcl

ΨCcl(t)M(3)
−ΨCcl,(t)M(3)−1

∆x . (44)

ΨDcl(t)M(4)
= ΨEcl(t)M(4)

, 1 ≤ i ≤ M(4). (45)

Equation (18) is discretized as:

dΨEcl(t)i
dt = DE [

ΨEcl(t)i+1−2ΨEcl(t)i+ΨEcl(t)i−1

∆x2 ]− kEclΨEcl(t)i (46)

with its initial condition discretized as:

ΨEcl(t = 0)i = ΨEcl0 (47)

and boundary conditions discretized as follows:

ΨEcl(t)M(4)
−ΨEcl(t)M(4)−1

∆x = DDcl
DEcl

ΨDcl(t)M(4)
−ΨDcl(t)M(4)−1

∆x , (48)
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ΨEcl(t)M(5)
= ΨEcl(t)M(5)

, 1 ≤ i ≤ M(5). (49)

where M(1),M(2),M(3),M(4) and M(5) represent number of grid points in each section of the
system taken to be 26 in each section. Observe that the PDEs (2), (6), (10), (14) and (20) have
each becomes semi-discrete systems of ODEs (30), (34), (38), (42) and (46) in one independent
variable t. When appropriate auxiliary conditions are substituted into the main semi-discrete
systems and further simplifications are made, then the resulting systems of ODEs are solved
together with four system of ODEs (22), (23), (26), (27) using Matlab ODE 15s solver due to
its efficient way of handling such systems of ODEs with variable step size.

4 Results and Discussion

Motivation for the choice of multiple-compartment reactor sample configuration came from the
measurements of one of the samples of multiple-compartment reactors fabricated for household
use. The parameter values used for both bulk fluid and biofilm of Pseudomonas aeruginosa cells
with humic acids are calculated as well as obtained from literature (Perry, 1973; De Beer et al.,
1994; Chen and Stewart 1996). The diffusivity of chlorine in bulk water (DA, DC , DE ) and
chlorine diffusivity in Pseudomonas aeruginosa cells with humic acid (DB, DD ) are 2.67× 10−5

and 2.5× 10−5 cm2/s respectively. We assume that the biofilms in each section of B(X2 −X1)
and (X4 − X3 ) has uniform thickness of 428µm and the length of each bulk water section is
280 cm. Initial concentrations of P. aeruginosa cells with humic acid in B and D are taken to
be 901mg/L and 10,000mg/L respectively. The first order reaction rate constant of chlorine in
bulk water (kACl, kCCl, kECl ) is taken to be 7.5 × 10−6 s−1 while 1.1 × 10−3 L mg s−1 and
3.7 × 10−6 L mg s−1 are the second order reaction rate constants of chlorine in P . aeruginosa
cells and humic acid respectively. The chlorine concentration ΨAcl0 at the left boundary is taken
as 20mg/L. After further simplifications, the results from simulation of semi-discrete equations
(30)-(49) are displayed only for chlorine concentration decay profile for 18 minutes as shown in
Figures 2-6. The results are also displayed for 300 minutes as shown in Figures 7-11.

Figure 2: Chlorine concentration profile for 1st section (bulk water) at time t = 18 mins

173



ADVANCED MATHEMATICAL MODELS & APPLICATIONS, V.4, N.2, 2019

Figure 3: Chlorine concentration profile for 2nd section (P. aeruginosa) at time t = 18 mins

Figure 4: Chlorine concentration profile for 3rd section (bulk water) at time t = 18 mins

Figure 5: Chlorine concentration profile for 4th section (P. aeruginosa) at time t = 18 mins
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Figure 6: Chlorine concentration profile for 5th section (bulk water) at time t = 18 mins

Figure 7: Chlorine concentration profile for 1st section (bulk water) at time t = 300 mins

Figure 8: Chlorine concentration profile for 2nd section (P. aeruginosa) at time t = 300 mins
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Figure 9: Chlorine concentration profile for 3rd section (bulk water) at time t = 300 mins

Figure 10: Chlorine concentration profile for 4th section (P. aeruginosa) at time t = 300 mins

Figure 11: Chlorine concentration profile for 5th section (bulk water) at time t = 300 mins

At time t = 18 minutes, the value of chlorine at the interface between the first section (bulk
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water) and the second section (P. aeruginosa) was 18.58mg/L. While penetrating through the
thickness of Pseudomonas aeruginosa, the concentration profile at the boundary between the
second section(P. aeruginosa) and the third section(bulk water) was found to be 18.53mg/L
at t = 18 minutes. At the interface between the third section (bulk water) and the fourth
section (P. aeruginosa), the value obtained for chlorine concentration was 12.75mg/L. A value
of 12.60mg/L of chlorine was obtained at the point of interaction between the fourth section
consisting of P. aeruginosa and the fifth section consisting of bulk water.

Similar numerical simulation was performed for the same set of equations and parameters as
aforementioned at t = 300 minutes, and the results are shown in Figures 7-11. The concentration
of chlorine values of 13.34mg/L for the interface between first and second sections, 13.23mg/L
for interface between second and third sections, 6.66mg/L for interface between third and fourth
sections and 6.55mg/L for the boundary between fourth and fifth sections were obtained.

Using the model, calculated average quantity of chlorine at mid-point of the fifth section
of the multiple-compartment system was 3.27mg/L at t = 300 minutes. This value of chlorine
lies between minimum and maximum residual levels of 0.4 and 4.0mg/L for chloramine dosing,
measured as Cl2 and is below the maximum tolerable benchmark of 4 mg/L prescribed by
Environmental Protection Agency(USEPA, 1999; 2006). It implies that values which are below
maximum tolerable level are safe for human consumption and could be obtained from the mid-
point of the last section of the system at t = 300 minutes.

5 Conclusion

In this paper, we modelled chlorine concentration decay profile through multiple-compartment
isothermal reactor system. The system consists of both bulk fluid of water and Pseudomonas
aeruginosa attached to the wall sieves in the reactor system. Figures 3 and 5 indicate penetration
of chlorine through biofilm of P.aeruginosa for 18 minutes while Figures 8 and 10 represent
penetration of chlorine through biofilm of P.aeruginosa with humic acid for 300 minutes.

Also transport of chlorine through bulk water zones are shown in Figures 2, 4, 6, 7, 9 and 11 at
different times. From the results, constructed model effectively predicted chlorine concentration
decay profile through bulk water and intermediate sections consisting of biofilm of P.aeruginosa
with humic acid for system operated under isothermal condition.
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